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1 Annihilation operator in Heisenberg picture

1.1

Problem statement

Show that

s Lol b cenlif
a; (t)= exp(th) a; exp(ﬁHt) :

Hint: Take the hermitean conjugate of equation (2), remembering that [AB]" = BTAT.
s > )

Okay, so we start with the equation (2) that was mentioned in the problem statement. This can be
found on the problem set and reads the following:

ai'(t) = exp (%Ht) a; exp (—%Hr) .

We omit the parentheses around the “Heisenberg” “H” because we conform to ISO 80000-2 and set
the “H” upright. Therefore it can always be distinguished from the italic Hamiltonian H.

Now we follow the lead of the hint and apply the Hermitean conjugate to this equation. To make it
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really clear what happens, we do not make any simplification steps up to this point.

= a;ﬁ‘(t) = [exp (%Ht) a; exp («——%Ht)]r

It can be seen that we have added the Hermitean conjugate “§” to both sides of the previous
equation. Since we have applied this to both sides, this equation is equivalent to the previous one.
We need this equivalence to be able to show that equation (4) from the problem set does indeed
follows from equation (2) from the problem set. Now comes the next crucial step in this derivation:
We need to apply the second part of the hint, the one that said that we should remember that
[AB]" = BYA" holds. To make it clear which term went into which position, we will give them extra
labels first.

= | exp (%H t) a;exp (—%H r)

. 4
—_
A

B

Now we are all set to apply the hint to this equation.

=exp (—%Hr) a} exp (%Ht)

—~ —

B A

With the extra labels, it should be visible that the terms changed their order and all got a Hermitean
conjugate “i” on their own. The next step was not given in the hint. Now we have to simplify the
Hermitean conjugate of the exponential function. One way to see how this works is to split up
the exponential function into real and imaginary parts. The complex exponential function can be
written like so:

exp(i¢p) =cos(¢) +isin(¢), ¢ €R.

There Hermitean conjugate will, just like the complex conjugate, switch the sign on the imaginary
part. So here, the Hermitean conjugate will be given by

exp(ip)" = cos(¢p) —isin(¢).

To write this back into the exponential form, one has to use that the cosine is symmetric, the sine is
antisymmetric in its argument. So we can write this as

exp(ip)" = cos(¢p) +1sin(—a).
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However, using the above formula, we can also write this as

exp(—ig)

and deduce that

o Sy
exp(i¢)’ = exp(~i¢)

So for a pure imaginary number in the exponential, the sign will just flip. The Hamiltonian H is a
matrix here, or can at least be thought of as a matrix. The Hermitean conjugate will also transpose
the matrix. What we have to do is to apply the Hermitean conjugate to the Hamiltonian as well.
Luckily; it is a self-adjoined operator, which means that H = H . So we do not have to take care of
this. Using all this, we can simplify the exponential functions.

/

ﬁex (th)aJ"ex (—th)
B Ui b e ™

And that is exactly equation (4) from the problem set.

1.2

The first thing that we will do is to show the identity:

[AB,C]=ABC — CAB
=ABC —ACB+ACB—CAB
—AlB. Cl-L Al

If you swap the two middle terms, you can derive this relations for anti-commutators.
Then we can solve the differential equation.

i

P [H,q(1)]

SHe ) —
a ()=
The first thing we do is to insert the unitary evolution operators.

i
=~ [H,UT(t)a U(t)]
Since U is a analytic function of H, it will commute with H. Even the aj.a ; will, taken together as

n;, commute with H and every sufficiently well behaved function of H.

5 %u‘*(c)[H,ak]U(t)
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Then we can insert H in terms of the occupation number operators.
- %UJ"(t)Z e]-[a;’.'aj,ak]U(t)
j
This has the form that lets us use the relation that we have shown.
= %UT(L‘)Z e;[a'laj, ac— [l ale, ]U()
j

The first commutator is zero, the second a negative Kronecker 5. For fermions, it will have the
anti-commutator here which gives the same value.

i

= hekUJ"(t)akU(t)

This again is the operator in the Heisenberg picture. The differential equation therefore is:

/ ’
()= %Eka?(t).

With the initial condition that at t = 0 the Heisenberg and Schrodinger operators are the same
(a?(O) = qa;) this can be solved by:

a,?(r) i exp (%ekt) ax

1.3

Trivial. Do the same derivation and note that the fermion anti-commutator has the same value as
the boson commutator.
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physics606 — Problem Set 13

Ml (O R(=)h(z £ A=), W(£) ] 2P AP ,M.S,B =
(M| [R(OR), AL + :xv%ivﬁbﬁb%zslm £p | O)yn—=
x> Y, z

“YonW 1By 1IN A[BaI 10U $90P
Jey1 1nq ‘adedspuey ut suf S[SUIS B U0 I} USAS J0U $30P 31 MON “3q © 31 Ajrdurts 1ySru Jeys os ‘9191 Y311 J03eInWwod 343 Jo no pajmd aq ued 10
V "USY ‘Mou 189D 3q PINOYS 1 [[OM TOJRINIILOD € ST 1232e1q a1enbs 1910 a1} 18y 995 03 prey A[[eal s1 31 puy ‘uoissaidxa JUo[ awIos ST 18} MON

M| (DR (ORI (2 K A=) A(£) 2P £ P m+ ﬁbﬁé,_.ﬁb:ibﬁbiv._,%bwwm £ep | 10 n—=
N < A &

-~ £

*Z1 19s we[qo1d uo paAlIep am Jeys uemoliueH oy ur 3njd ues am MON

/

Mal(x)h ") N—=

“I01RINUIIOD 91 JO INO WIAYI SAOW UBD 9M DI0JPISY], "URTUOIIUIRH SUI YIM SJNWWIOD 43} [Ie1op SUNBIONIDXD
Jeymawos Ul '] Wo[qoid Ul UMOYS Sy "3Jes 3y} JO UOLIN[0Ad auIl a1y} jo dins pue S[ym s[ & 10§ 21n1d1d JDZUIPOIYDS Y} UL ST} S3HM M MON

00 HI- = 00> Lu

£q uaa18 st SurqiAue jo uonnjoas swn ayl oS “(HZ ‘d ‘S00T [qEMYDS) WOIj UONIBALISP
U1 MO[[0] ISR PUE JRY} WO} SNUHUOD [[IM oM 0§ “s101e10d0 P[aYy A1 JO SULIS] Ul UBTUOI[IWERH Y} PIALISP $$9[ J0 210Ul oM g1 105 u[qoid up

sJ103jelado pjay d1UoIWId) JO UOIIN|OAS dWIL 2

Group 2 - Dilege Giilmez

Martin Ueding, Lino Lemmer



2 Time evolution of fermionic field operators
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