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1 Annihilation operator in Heisenberg picture

1.1

Problem statement

Show that

Hi( oy _ i i i
a; (t)=exp (th) a; exp(th) .

Hint: Take the hermitean conjugate of equation (2), remembering that [AB]" = BTAT.
- J

Okay, so we start with the equation (2) that was mentioned in the problem statement. This can be
found on the problem set and reads the following:

a}{(t) = exp (%Ht_) a;jexp (—%Ht) .

We omit the parentheses around the “Heisenberg” “H” because we conform to ISO 80000-2 and set
the “H” upright. Therefore it can always be distinguished from the italic Hamiltonian H.

Now we follow the lead of the hint and apply the Hermitean conjugate to this equation. To make it
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really clear what happens, we do not make any simplification steps up to this point.

= a}HT(t) = [exp (%Ht) a;exp (—%Ht_)]-‘-

It can be seen that we have added the Hermitean conjugate “” to both sides of the previous
equation. Since we have applied this to both sides, this equation is equivalent to the previous one.
We need this equivalence to be able to show that equation (4) from the problem set does indeed
follows from equation (2) from the problem set. Now comes the next crucial step in this derivation:
We need to apply the second part of the hint, the one that said that we should remember that
[AB]" = BTA" holds. To make it clear which term went into which position, we will give them extra
labels first.

+

= [ exp (%Ht) a; exp (—%Ht)

-~

A B

Now we are all set to apply the hint to this equation.

. T . +
= exp (—%Ht) a; exp (%Ht_)

~~

B A

With the extra labels, it should be visible that the terms changed their order and all got a Hermitean
conjugate “” on their own. The next step was not given in the hint. Now we have to simplify the
Hermitean conjugate of the exponential function. One way to see how this works is to split up
the exponential function into real and imaginary parts. The complex exponential function can be
written like so:

exp(i¢p) =cos(¢) +isin(¢), ¢ €R.

There Hermitean conjugate will, just like the complex conjugate, switch the sign on the imaginary
part. So here, the Hermitean conjugate will be given by

exp(ip)" = cos(¢p) —isin(¢p).

To write this back into the exponential form, one has to use that the cosine is symmetric, the sine is
antisymmetric in its argument. So we can write this as

exp(i¢)" = cos(¢p) +isin(—¢).
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However, using the above formula, we can also write this as

exp(—ig)

and deduce that

exp(ip)" = exp(—i¢)

So for a pure imaginary number in the exponential, the sign will just flip. The Hamiltonian H is a
matrix here, or can at least be thought of as a matrix. The Hermitean conjugate will also transpose
the matrix. What we have to do is to apply the Hermitean conjugate to the Hamiltonian as well.
Luckily, it is a self-adjoined operator, which means that H = H'. So we do not have to take care of
this. Using all this, we can simplify the exponential functions.

= exp (%Ht) aj. exp (—%Ht)

And that is exactly equation (4) from the problem set.

1.2

The first thing that we will do is to show the identity:

[AB,C]=ABC —CAB
=ABC —ACB +ACB —CAB
=A[B,C]+[AC]B
If you swap the two middle terms, you can derive this relations for anti-commutators.
Then we can solve the differential equation.
i

al(t) = - [H,d(t)]

The first thing we do is to insert the unitary evolution operators.

i

[H,UT(0)a U()]

=t

Since U is a analytic function of H, it will commute with H. Even the ajfa ; will, taken together as

n;, commute with H and every sufficiently well behaved function of H.

= %U"f(t)[H,ak]U(t)
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Then we can insert H in terms of the occupation number operators.
i 4
_ f
= EU' (t)z ej[ajaj, a;JU(t)
J

This has the form that lets us use the relation that we have shown.

=—Uf(t)z i[alla; @]~ [al, axla; JU(0)

The first commutator is zero, the second a negative Kronecker 6. For fermions, it will have the
anti-commutator here which gives the same value.

= +&U'(DaU(0)
This again is the operator in the Heisenberg picture. The differential equation therefore is:
al(t) = ekak L (0.

With the initial condition that at t = O the Heisenberg and Schrédinger operators are the same
(aE(O) = qy) this can be solved by:

(t) = exp (%ekt)

1.3

Trivial. Do the same derivation and note that the fermion anti-commutator has the same value as
the boson commutator.
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2 Time evolution of fermionic field operators

On problem set 12 we more or less derived the Hamiltonian in terms of the field operators. So we will continue from that and just follow the
derivation from (Schwabl 2005, p. 24). So the time evolution of anything is given by

., 0 _
1halp(x, t)=—[H,yY(x, t)].

Now we write this in the Schrodinger picture for a little while and strip off the time evolution of the state. As shown in problem 1.1 in somewhat
excruciating detail, they commute with the Hamiltonian. Therefore, we can move them out of the commutator.

=—U"(O)[H,%(x)]U(t)
Now we can plug in the Hamiltonian that we derived on problem set 12.
=—U“"(t)U d’y [ — VY ()IVY(y) + Uy (y)llﬂ(y)] Jd?’y Pz Y (2 (Y, 2) (2 (¥), IIJ(X)} U(e)

Now that is some long expression. And it is really hard to see that the outer square bracket is a commutator. Well, it should be clear now, then. A
lot can be pulled out of the commutator right here, so that might simplify it a bit. Now it does not even fit on a single line in landscape, but that
does not really hurt that much.

=—U' (t)fd3 [ [V (VY (), YOI+ U@ (DY (), "t,b(X)]} u(t)

— UJ"(t)E J Py Sz [P (W (2)V(y, 2y () (¥), p(x)1U(t)
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We start with the first commutator, the one with the kinetic energy. There we can use the [AB, C] commutator relation. Because we can, we will
do this derivation for both fermions and bosons and denote this with a +, where the upper sign is for fermions. The (anti-)commutator for ¢(y)
and vy (x) is always zero, so that is not interesting. And we directly drop that term before we write it down.

2
= —U"‘(t)f 4’y [:F;i—m[vw'*‘(y),w(x)]ivw(y) + U(y)[wT(y)w(y),w(X)]] U(t)
— UT(’»‘)% J Ay B[P Y @)V (y, 229 (@) (y), Y (x)]U(t)

Since the partial derivative is supposed to act on y only—maybe we should have mentioned that earlier, sorry—we can pull it out of the
commutator.

2
= —UJ"(t)f &’y [ﬂth—mV[w"L(y),w(x)]in(y) + U(J/)[W(y)l/)(y)ﬂ/)(x)]] U(t)
- U"'(t)% J &y P2 [P P VY, 29 ()P (), ¥ (x)]U(0)

Then this (anti-)commutator is just a negative &-distribution.

2
= —UT(t)J d’y [if—mV5(3)(X —Y)Vy(y) + U(J’)[llﬁ(}')lp(}')ﬂp(x)]} u(t)
- Uj‘(t)% f &y Ez [ Y @V (Y, 2 )9 (20 (y), Y (x)]U(t)

We use partial integration to move the gradient from the 6-distribution to the field operator. This will give us yet another minus sign that we
have to take into account.

2
= —UT(f)f &’y |::|:2h—m5(3)(x —¥)AY(y)+ U(y)[wT(}')w(y),w(X)]} u(t)

SOL J Sy E2 Y Y @V, P EE), B
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Great, now we can integrate over it to eliminate it.

2

=-U'(0) [if—m By(x)+ f d’y U(y)[w"(y)w(y),w(x)]] u(o)
~U'(o; J &y &[4 Y RV, ), )TV

To finalize the kinetic energy, we sandwich the time evolution operators back onto it. That will make it a Heisenberg field operator again.

2
= :th—m A, £) = U”‘(t)f Ey UM (), $(x)IU ()
- %U’*_(t)f &y P[P P VY, 29 ()9 (), (x)]U(0)

One down, two more to go. Next up is the scalar potential term. Here the same think with the [AB, C] formula applies as well.

2
__n Api(x,t)— UT(t)J Ey UMY ), Y ()1 (UL

2m

- %U'*'(t)J &y 2 [P P VY, 29 ()P (), ¥ ()]U(0)

As before, the (anti-)commutator is a negative §-distribution. Then we can integrate over that as well and get rid of it. Now we can finally go
back to writing this expression on a single line. It will probably not last very long, however.

2
= _zh_m APH(x, 0) + U (U () (x)U(t) — %UT(t)f &y P2y Y (VI 2P ()P (), (x)]U(e)
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Now we did not want to make too many steps without an explanation in between. So the second term can now be written a Heisenberg
state.

2
=AY, )~ UG, D~ U0 f &y @z [y Y EV DY E ), Y] U

This leaves the last summand for us to work on. Of course, we use the same trusty (anti-)commutator relation that has served us so well in the
course of this problem. But first of all, we move everything out of the commutator that commuted with v(x) anyway.

2
=AY, )~ UG, D~ U () f &y @z [y )Y (2,9 )]V, Y )V ()

2m

Without much further ado, we use the [AB, C] relation. However, it is going to be in two lines again since it is so long because neither
(anti-)commutator vanishes in this particular case here.

= e, - UG, )
2m

- %U'*‘(t)f &y &z [P N[¥ ), )] F [T ] ¥ (&) ]V, 229 ()9 (U

Those (anti-)commutators are again §-distributions—surprise!—and can be integrated away. Since this derivation is not long enough yet we will
include those steps. It would not be consistent either. So we expand the square bracket—the one which is not a commutator.

2
. A, ) = U )P (ax, £) — %UT(t)J &y P2y () [v7(2), 9 ()] V¥, 2D () (U ()

2m

= %U'*‘(t)f &y &z [T, ()] ¥ @V, 209 (29 (U0
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Now we insert the §-distributions. Note that the signs flip again.

2
_ _f_m A, ) = UGG, O+ U () f &y a9 (1)@ (2 —x)V (y, 23 (21 (y)U(t)
* Ui J @y d% 6Dy —x ) () (v, 23 () (U(E)

With the 6-distributions in place, we can finally carry out the integration and remove the number of variables in this expression.

= _% AP, )= UGy (x, £) + %U"'(t)f Ey P IV, )PP (IU(e)
F LU0 f P (3)V (x, )PV ()
In the last integration, we rename the integration variable from z to y to match the other integral.
- _; AP, ) —Ux)Y(x, 0) + %U"'(t)f Ey "IV, x)p () (U(6)
F %U’*‘(t)J &y IV e,y )P ()P (U (1)
Since V is symmetric in its arguments, we can switch those in the first term.
= _5 AP, ) — U )P(x, £) + %U"'(t)f &y IV e, ¥ ) () ()U(0)

F %U’*'(t)J &y Y IV e, YWY ()U(1)
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Now the use that the (anti-)commutator for the field annihilation operators vanishes for the two kinds of particles, respectively, and switch the

very last two field operators in the last term. That will also let us get rid of the plus-minus-sign.

2
. AT, ) = U(x )P, £) + %UT(t)J Ey YT IV, y ()P (UL

2m
1. .. .
+ EU'(t)J Py P IV, ¥ ()Y ()U(t)
Now we can combine those identical terms.

2
= —;—m AT, ) = U ) (x, £) + U"L(t)f &y T IV e, ¥ ) ) ()U(0)

As a last step, we can insert ones in the manifestation of U(t)U"(t) between all the field operators.

hZ

=== AP, ) = U(x P (x, £) + U"r(t)J Ey Y NUEOUT OV, y )Y ()UOUT ()9 ()U(6)

2m

Then we can write all the field operators as Heisenberg operators.

2
= —f—m AT, ) = U(x ) (ax, £) + J &y ™y, OV e, y )G, 9y, £)

Except for the sign error in the last term, this worked out.
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Side question

How do the four points that can be achieved in the problem related to the two points that can
be achieved in problem 1.1? Problem 1.1 was utterly trivial, this is not trivial. Except when
one would just say that it is the same relation as for the bosons since all the commutators just
get replaced with anti-commutators in the relation used in 1.2 and 1.3 and is done with it.
Was that asked here?

3 Hubbard model

3.1

The diagonal terms in the energy can be computed with the usual methods.
t;j = (ilT1j)
We insert two complete sets of position eigenstates.

_ f &x Py (ilx) xITly) 1))

Now making the connection between x = n;a and the same for y, we get position eigenstates. The
kinetic energy operator is now given in position space.

hZ
=—— J d®x p(x) A ¢p(x)
2m
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At this point we insert equation (10) from the problem set.

> 3 x? x?
Z_—ZmA3Tt3/2fd xexp(——ZA2 Aexp oAz

We compute the derivatives.

i d’xe X [ L +x? L ]e X
= x exp| — - xp| ———
OmAS 32 P\72a2 )| 7222 7 444 |FP| 242

Factor stuff out.

> 3 x? 1 3 9 x?
=WU“€XI’(_E EE7el R e

Now we have the Gaussian integrals back. We thought that we would not see them again, but
mistaken! Since they are in three dimensions—as the hint did not want us to forget—we get the
results cubed out of them.

_ hz I:A ‘/_]3 _ 1A3‘/_ °
© 4mAS5m3/2 T 2 T

2 h?
- 4mA2  4mAST3/2

1]

3.2

Do it all again, just with a shift.

. i 1 [x —aé,]? x2
(#(ae)IT|¢(0)) =—o— A5 32 J d®x exp (_T) Aexp (——)

Rl By e x%—2ax + a? Ae x?
= xexp| ————— xp| ——=
2m AST32 P 272 P\ 222
Linear term will cancel in symmetric integral, pull a? term out.
h 1 a? x? x?
=———>exp| == dEx exp| ——— |Aexp| ———
2m A33/2 p( ZAZ)J p( ZAZ) p( 242
a2
=texp| —=

Our suppression has a factor 2, not 4 in it. Maybe one has to take two of them and distribute them
equally to both electrons?
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3.3

After applying the 6-distribution from the hints, the equation is
Vij= AJ dx |§(x =R [p(x —R)[.

Then the first part is quite easy, just put i = j.
Vii= /lf d®x [¢(x —R))|*

Then insert ¢ ...

_ 1 3 [X—Ri]z
—AA()T[S J d°x exp (—ZT

Apply yet another Gaussian integral ... well, you have to shift the integration variable before you
do that, but we will not write that down.

_at [ ﬂA]B
- T A6q3 2

Simplify ...

1

V8A3 Y T

Now one has to do the same exact thing as above and further above. So take two neighbors and
compute the interaction for that as well.

XJ d®x [p(x —R)[*|¢p(x —R; —aé,)|*.
Just like above, there is an additional factor

a2
exp —F

that arises here. Again, it has a factor 2 missing in the denominator. Probably just a different
definition of suppression ...

3.4

In the limit A < a, only the diagonal terms will contribute. That eliminates the sum over j directly.
Then to get rid of the sum over s it might be possible to use the anti-commutation properties of
the fermionic creation and annihilation operators to obtain a &.
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