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1 Two-particle operators in second quantization

1.1

Let IP be the set of all particles such that a, 3 € P. The sum
a#ph

means that it is to be summed over all @ and f§ but not those where they are equal. We write this
more formally as

F= %Z Z flxq,xp)

acP eP\{a}

Now we insert sets of ones.
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We commute the bra and ket vectors of different particles which we can do since we consider the
product Hilbert space of two different particles.

= —Z ST ST lidalidp (il lils £ Cearxp) K0 1) (Kl (Ul

aEYP peP\{a}i.j.k,l

We can then use the notation which corresponds to the tensor product Hilbert space of two
particles.

f—z > D Dalids (il f Geasxp) e, 1) kg (1l

(161}”[5»?]1”\{0(} i,j.k,1

The term in the middle is a scalar and can be moved anywhere in the product.

‘/z _Z Z Z (i, j1 f (g, xp) Ik, 1) i) 1) g (Kklo (Llg

acl BeP\{a} i}kl

This is the desired result in equation (2) of the problem set.

1.2

We start with equation (2) from the problem set.

F=230 >0 2 Gl G xp) I i)ali)s (kla (g

aEYPﬁ(—‘lF\{a}l J.kl

Then we change the order of the bra and ket vectors at the right side of the equation.

:—Z Z Z (1,1 f(x g, xp) K, 1) i) (Kl 17} (Tlg

aEH"ﬁGH’\{a}l Jk,l

We change the order of the summations such that we can plug in equation (5) from the problem
set later on. The underbraces denote the outcome suggestively, we still have to work on that,
though.

= 2> il faxp) ) D 0kl D 17)a (g

i,j,k,l acP BeP\{a}
N

~»b; by -b'h
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The problem is that the sum over 8 excludes a. Therefore, the sums are not independent and
we cannot apply equation (5) yet. So we just sum over all § € P in the sum and subtract that
particular value again.

J=3 3 il ) 1) S 10 (ke | 1535 Ul =1ibe

£ acP per

The one summation over 3 is now independent of a and we can use equation (5).

il

=5 2 i1 Faxp)lk D) D 1) (kla [ BB =11 (lle]
i,j,kJl acP

Now we expand the parentheses.

=§ 2 <i,f!f<xa,xﬁ)lk,l>[bj?bzz|i>a<kia—Z|i>a<kaa|f>a<zla]

1,7kl aclP acP

We apply equation (5) once again.

!
/
|

\j: % Z (i5j|f(xa’xﬁ) ]k: l) {b:bkb;bl '—'Z |l)a (k!a 1])(1 (lla]

7.kl ack

This looks somewhat like equation (4) from the problem set which we should arrive at. The terms
are not in the correct order yet, though. The bra-ket in the middle is just a Kronecker 6.

=2 > <z'_.jlf<xa,xﬁ)lk,z>[b3‘bkb_‘§bz—Zmaéh— <ua]

2 i,7,kl acP

However, the Kronecker § is also contained in the commutator of the creation and annihilation
operators: 5;; = [by, b}h (Schwabl 2005, p. 16). Since it is a plain number, we pull it out front
for a step.

[ o Tie it ;

J =35 2 wilfxaxp)lkl) [b; bbiby =815 ) I1)a m]
Lkl a€lP

Now we apply equation (5) from the problem set again.

=2 D (il f G xp) Ik, ) [ bib Ty — 457
i,7,kl

Now we move the Kronecker § in between those terms.

=5 2 (i1 Geaxp) Ik 1) [ ] By by~ {5y b
i,7,k,0

Martin Ueding, Lino Lemmer 3 Group 2 — Dilege Glilmez



physics606 — Problem Set 12 1 Two-particle operators in second quantization

We expand the (anti-)commutator there.

] &y

£
1

= > (61 F e I 1) [ b} by — b [ b 5 bib] |
i,j,k,l

Then we expand the inner square bracket.

=22 (1,71 £ G g) k1) [ B bbby — b bbby = B bbb |
i,7,kl

The first two terms cancel each other, so we are left with

A o
= D (01 f (e xp) 1) bl b bih.

i,j.k,l

The annihilation operators for bosons commute, the ones for fermions anticommute. So we can
get rid of the =+ sign by switching the last terms.

! S e
V=5 2, (i1 (xaxp) Ik, 1) bib]biby
i,j,k,l

Now we still have to derive the equation (5) that we have used up to here. Say we have a state
which is given in occupation number presentation,

[nls"‘) o

Now we apply the operator bl‘ b; onto that. We will get the following, assuming that the state 1)
was occupied at least once:

b?‘b]_]]ll’.._):{niinl’...) l:]

1/[ni—+—l]nj]n],...,n,-—§-1,...,nj—1,...) else

Let us show that the same thing happens when we act with
> 00l
a

on the same state. To do this, we have to decompose the occupation number representation into a
product state.

iny,....y =] Tiio™
k=0

All those different |k) are for different particles a. In the above product, the order of the states in
the product is by the value of the state, not in the order of the particle. When we order by particle,
we get something like this:

ikl’ k2: sty kN)
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Here the i, are allowed to appear multiple times at arbitrary positions for bosons. When we now
throw that operator onto that state, like

S 2aRaUlalkiks, . k),

it will go the particle with number a and project that part onto the state |j) and replace it with the
state |i). This changed the normalization of the state.

s n;+1 : 1 =
Zil)a(]l(ztk])kzy"wkN): - Z(Sjakalkl)kZ:---’la)'--’kN){ n+1
a a

n; " else

So this has replaced the state that the particle a was in (|k),) with the new state (|i),) in case any
of the states k, = j,. Otherwise, it is zero. In the case i = j, the state itself does not change, just
like with the creation and annihilation operators above. We already assumed that the state |j)
was in the mix at least once, so we can just take that granted. Therefore, the sum will just give us
a summand for each time the state |j) is occupied. Combining this, we get a factor n; from the
sum.

: n; i:]
:!klakfb'“’la:""kl\() n;+1
nﬂ/ . else

And this can be simplified to the final result.

: n; 1:]
— o o e s
e, Ky s N){,/[ni—{—l]nj else

2 Hartree-Fock approximation for atoms

We understand equation (8) from the problem set that there are N states occupied and those are
the states with the lowest numbers from 1 to N.

2.1

? S Sy LEETE
‘ Problem statement

Show that

(1p|b; bjl) = 5.

We have done this in three similar ways. We will start with the third one that we came up with
because it is really succinct.
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2.1.1 Third way

b; will destroy a particle in state | i) bl’ will create one in the state |7). Since those are fermions,
i has to be either the same as j or i > N because there are no other free spots. If i > N, then
this altered |vp) will be orthogonal to (. If i = j, then the two operators are just the occupation
number operator n;. Its eigenvalue here is 1 since j < N and fermions was assumed. [¢)’) is left
unchanged. Therefore it is Oy ]

2.1.2 First way

Now we will use the Ansatz directly.

N 1 N
(|b]b; [} = []_[ bl 50)] b'b; [[—[ bl 10)]
k=1 k=1

Now we incorporate the two stray operators into the brackets.

N i N
- [bi]_[b; lo)} [bj [ 15 ;o)}
k=1 k=1
The b anticommute with the b" like so:
(b, b;h =68/

That means that we can move the b; into the spot in the product over k such that we have the

b; in front of the b]‘ We will need i — 1 anticommutations for that. The same applies in the
second bracket. We do not really like the notation with omissions, but this actually seems easier
here.

v

¥ eumnn B sl el 0]

| E B J=1 g

You can see that almost all creation operators are present, except for the ones with i and j,
respectively. The states that we will get from the vacuum are then the following:

S e O SRR e 0
(F N j N

We have marked the index of the unoccupied states. This scalar product is only nonzero when
i = j are given. So we can write this as

=[-11"5y;.

And then we just have
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