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1 Wave packet

We again write vectors in bold type, like k, as opposed to scalars in regular italic font, like k. We
also adopt the notation that k = |k|.

1.1 Phase velocity 1),

The phase of a single plane wave has to be constant, so
kx — okt =c;.

The total time derivative has to be zero, then. k is constant for a monochrome wave. This
means

kx = w(k).
— k%x = w(k)
k. _

Bk
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The part of the velocity that is in the direction of k is given by the right hand side. Since the
propagation is taken to be this k direction, we can just write down the projection onto k.

_ ko

@Vph—‘k T

1.2 Group velocity 3/3
We start by inserting k = kg + & into equation (1) from the problem set.
P(x,t) = f [—;?]—30(’?0 +6)exp(i[lko+ 6]x —w(lko+8[)t])
We expand the angular frequency around 6 = 0:
w(lky+38]) -—\-/co(ko) + (_i__cgaﬁ + 0(5%)

dk ko

We insert this into the integral up to first order.

™~ f [;15]3 a(ky + 6)exp (i[[k0+ 6lx — [w(k0)+ %5%] tD

The parts that depend on & are taken out front.

P

o d’s de _k
=exp(i[kox — w(ko)t])f mga(k0 +8)exp (i [5x - E%) E:QID

Now we can do the same thing as in the first problem where we have factored out k.
. d3s . do _k
= exp (1ko [x —vpht])J ma(ko +0)exp (1 [Sx - a& k_ztD
The next thing is to factor out the 4.

a3s dok
= exp (ik0 [x —Vpht])f —[ZT]Ba(kO + 0)exp (15 [x - E‘f;gr])

This is the form that we had to show for the given hint when equation (4) from the problem set it
inserted.

I

3
= exp (iko [x —Ven t])f [%;]—Ba(kg +0)exp (15 [x = vgrt])

Martin Ueding, Lino Lemmer 2 Group 2 - Dilege Giilmez



physics606 — Problem Set 8 1 Wave packet

1.3 Time evolution , e

o

It is easiest to write this as ratio of the given ones. The only difference is the velocity in the first
exponential function.

o el vne) e +Derp 5T vge)
P(x —vgt,0)  exp (ikq [x —vgrt])f ﬁ%a(ko +8)exp(id [x ~—Vgrt])

This can be simplified since the integrals are just the exact same.

_ exp (iko [x - vpht])
exp (iko [x . vgrt])

The remainder is easy, just put the two exponentials together
= exp (iko [vgr — vph] t) \/

This can then we rewritten in the form of equation (6) from the problem set.

gP—

1.4 Massless and massive particles
3/
The relation between energy and angular frequency is given by

E(k) =ho(k).

- 1.4.1 Massless particle

~ We have
w=ck

in this case. Therefore

Vph:Vgr:C /

which is not really surprising for a massless particle which has to propagate with the speed of light
regardless of this energy.

1.4.2 Massive particle

Here
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such that

_me

w :
2m

-
ph’"’zms

fik
Var = ;1-

When this is inserted into the phase factor, one gets the desired result after a few simplifications
which are hardly worth mentioning here.

1.5 Relativistic particle Q~/1+
The angular frequency is
1./ 2
w(k)= = M2c4 + hok2c2.
From this, computing the velocities can be derived without new principles:

Vph = —1—\/ M2c4 + h2k2c2, Vg = i hc? ke
hk VM2ct + B2k2c2

Taking the limits is not really difficult since nothing diverges. We obtain

{ J( _ sl (;;‘

MGy A" M

-

lim v, =c¢ limv,.=c¢, limv, =0.
M—0 PR T Moo BT koo

2 Scattering on a constant potential

2.1 Scattering amplitude § /S
Given is

2MYV,
gh?

fi(8)=— J‘ dr’ rsin(qr’)
0

and the following potential:

Vi <
V(x) - 0o X g
0 else

In this part of the problem, we have to compute f} explicitly.

Well, this does not make too much sense as the problem is posed. The integral does not converse,
since the integrand oscillates badly, see figure 1. It is not Mathematica integrable either. 'S’(_
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Figure 1: Plot of rsin(r).

We try to salvage this problem and assume that the V; should be a V(x) within the integral. Then
the only difference is that integration bounds are from 0 to r, instead of 0o, like so: 44 dha_ ?Mrvl}z "%

\/ 2MV, \/(_x) £ 4\4\,7.@29’/ thi, O

fi(B)=— pre J;) dr’ r sin(qr’). ik &/.k m}’

Now this integral is actually solvable using partial integration. We obtain

v 2MV,
o) =
fix(6) =

1
[2—0 cos(grg) + &5 sin(qro)]

The limit g — 0 can be done before and after the integration. Both give the same result:

2MYV, g
lim f.(8)=— 2 = dr’ v’ sin(gr’
qh‘)ofk( ) 2 q—*OqJO (gr)

We expand the sine.

2MVy . 1 (" 1
S 9 éi_r’% Ej dr’ r'[qr' - -é[qr']3 + ﬁ(qs)]
0

Cancel the q.
/ .
2MV, ;
— g %i_:)%fo it [r’ + éqzr’3 + 0(q4)]

Exchange limit and integration. This is allowed because the integrand is out of C*°.

2MV, [ 1
= g J;) dr’ r’%iﬁr)%[r’ + —6—q2r’3 + ﬁ(q4)]
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The limit is without any problems.

MV -
-—-/— = . f sl
h 4]

This integral is trivial.

/ 2MVp1
— hz 51'0
S amy,
T a2 o

Now this can be done the other way around as well. One just has to apply LHospital’s rule a couple
times. We have tried this and got the same result.

Since the result is o< rg' , our salvage of this is not too wrong.

2.2 Cross section é/é

We computed the cross section by putting our result from the previous part of this problem into
equation (7) from the problem set. Since the expression itself was not explicitly asked for, we do
not show it here. Then we plotted this in a half logarithmic plot, see figure 2. There one can see
the minima and maxima quite well. ‘/

Figure 2: Half logarithmic plot of F(c}:(?f) against g. All other constants are just set to unity for
simplicity.
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2.3 Born approximation | /(,

The wavefunctions are (Schwabl 2007, (18.9)):

ikr
S £(6,6).

r

Pr(x) =" +

The Born approximation says that the scattered part only makes up a small part of the received
wave. So we need

eikr
To
sy 1fx (0, )I

o \/
= [fi(6,9)<1g

<1

@ ]

For small q we already derived the limit. We just need to plug this in for f and get:

2MVy Vo
|3h2 rp| Lrg <= 2 gl < 1.
References

Schwabl, Franz (2007). Quantenmechanik. 7. Berlin: Springer-Verlag. 1SBN: 978-3-540-73674-5.

Martin Ueding, Lino Lemmer 7 Group 2 - Dilege Giilmez



