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physics606 — Problem Set 7 1 Rate for (nP) to (’S) transitions

1 Rate for (nP) to (n’S) transitions

1.1 Orthogonality
Ll

Given is the wave vector

sin(6, ) sin(¢,)
k, =k, | sin(6,)cos(¢,)
cos(6,)

where we have used the notation where a vector in non-bold type is its absolute value, consistent
with its look as a scalar. We hope this becomes apparent on this ink jet prinf);ut. Then there are
also two poldrization basis vectors given: )

cos(¢,) cos(0,)sin(¢.)
€, =| —sin(¢,) |,. €, =] cos(8,)cos(¢,)
0 —cos(6.)

have &%ﬁ oL M
Checking for orthonormality among the €; is X —X = 0. We done that, it checks out. It is also easy
to see that €,k, = 0. The last one requires application of the so called trigonometric identities. We
present all the steps here in painstaking detail:

€,k = cos(0,)sin(6,) sin(d)Y)2 + sin(6, ) cos(6.) cos[c;zSY)2 —sin(6, ) cos(0, )

The first two terms contain common factors. We factor those out to get a more compact expres-
sion.

= cos(6,)sin(6,) [ sin(¢, )* + cos(¢,)* | —sin(6,) cos(6,)
Here we use sin(qSY)2 + o:os(qbqr)2 = 1. This leaves us with
\éfcos(QY) sin(0, ) — sin(6, ) cos(6, ).

After using commutation law of the product we have to equal terms. They cancel each other and
just gives us

Z

The more interesting question, which was not asked in this problem, is “Why do the polarization --.
vectors have to be perpendicular to the wave vector?”. This is because electromagnetic radiation

is vector-polarized and a transverse wave. Therefore the polarization is perpendicular to the
direction of propagation. This also means that the photon has spin\}/. Gravitational waves are
tensor-polarized and the graviton would have spin 2.
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1.2 Angular part of integrands

X2
We begin by copying the terms.

sin(0.)sin(¢.) cos(¢.)
x.€1 =T | sin(6,)cos(¢.) | | —sin(¢.)
cos(6,) 0

= [sin(@e) sin(¢.) cos(¢,) — sin(6,) sin(¢.) sin(qBT)]
= r,sin(6,) [sin($.) cos(¢,) —sin(¢e) sin(¢. )]

Now we apply the addition theorem.
=Te SiH(Qe) Sin(d)e =TT ¢Y)

The second one is very similar.

sin(0,) sin(¢.) cos(0. )sin(¢.)

X €5 =7 | sin(6.)cos(¢p.) || cos(6,)cos(¢)
7 co0s(6.) —cos(6,)

i I [sin(@e) sin(¢.) cos(0,) sin(¢.) + sin(B, ) cos(¢p.) cos(8,) cos(p,) — cos(6.) sin(()Y)]

We also apply the addition theorem here.

=T [sin(@e) cos(6,) cos(Pp. — Py) — cos(B,) sin( 6},)]

1.3 Evaluation of the integrals \0}40
Now we got the middle of the braket in terms of the angles. Next are initial and final states. Since
there are a lot of combinations of m; and €, we will do this in sections.

The final state is only trivial, because we are looking at the radial part of the wave function of 1 =0
states (the S-orbital)! That is spherically symmetric.

The radial part, r, will be set to 1 here. Since part five of this problem takes care of the radial part,
we will only look at the angular part here. Luckily, radial and angular part are independent, so
that the actual transition rates are the product of both: /

__ pradial pangular il radial angular
=I5 Ly o Mg =My Mem

In this part, we will take care of all the factors from the equation, such that in part five we only
have to carry the factors that come from the Laguerre polynomials later on.
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1.3.1 Case € = ¢

Case m; =0 We start by calculating the matrix element

L (flerx.li).

angular __
M =

In the first step, we insert the knowns. (f| just gives a factor. The scalar product is inserted, r,
is omitted since this belongs to the radial part. |i) gives us a factor, the exponential function is 1
since m; = 0 is assumed. In f, we get another cos(8,) and a factor.

. ‘/?_""’C"ffdn sin(0,)sin( . — ) cos(6,) o '}’L L & (‘“

4m
\/“Q ¥ S suke ok Yok woe Qo z K\~ % & o)

The volume element is d2 = d8 d¢ sin{8).

I e,

4 ¢

b1 21
f dé. f d¢, sin(6,)*sin(¢p. — ¢.)cos(6,)
0 0
We move the second integral as far back as possible.

— [ le dQ sin(6, )2 cos( 6, )f d¢, sin(¢p.— ¢.,)

s A
The last integral will give zero.
=0 N

Fradlal

o 0 as well.

From this,

Case |m;|=1 For this case, we start similarly.

. w;
M = =L (FleyxJi).

|i) gives us the exponential function. In f, we get another m; sin(6,). There are three sin(6,), one
from the integration measure, one from f and another from e€x,.

=m; f : f ae, f db, sin(0.)* sin(. — §.) exp(—im;p.)

We do the same reordering.

=

] n 2m
/i3 4fﬁﬂ 46, sin(6 Y fo A sin(g, — b,) exp(~im; p.)
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The first and second integral are completely independent now. We just insert the result for the first
one, 4/3, to get a bit more space on the line without loosing the chain of equalities.

27
—m——=L | 44, sin(p. — ) exp(—im;pe)
a4 e — ¢y) exp(—im; P,

Now we expand the sine in terms of the exponential functions.

=m——et jo  dpe [exp (il — 9, 1) —exp(—ilg. — 6, )] exp(—im b

The last exponential can be moved into the first two.

) 2m
S A f de. [exp(i[[1—milpe— b, ]) — exp(=i[[1+ m;1pe — &, ])]
0

2inv/6 ¢

From here, we have to discuss two cases. In either case, only one of the most inner square brackets
will be nonzero.

Sub case m; =1

/t;‘:lguhr 2”“/_ ; J ¢e exp( —ig () —exp (—1[2¢e d)YD]

We use the linearity in the integration.

L1l (" g, explcit)- [ dgew(cil28-9,]
" 2inv/6 ¢ 0 eP : e it

0

The first integrand does not depend on the integration variable, the integral is therefore
trivial. In the second integral, we pull out the term that does not depend on the integration
variable.

1
Zm\/—

|i2"1exp(—~1q5Y) exp(i¢. )J d¢. exp(—2i¢p, )}

The last integral will give zero, since the exponential will give 1 at 0 and 2. Only the first
term will contribute.

P e il )‘m«we-%)z%w: et
:%Texp(—l(,b«{) N}“{ an exthq ngf\w\, Jz%en(a T Jﬂ{'\?f}t

B
Sub case m; = —1 Here, the terms are the other way around.
21
1 Wi : :
e o d expli[2¢. — P, ]) —exp(ip.)
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We use the same linearity.

1 (")if 2n . ‘ 2n . .
e _2171\/6 T |:J; ¢e exp (1[2¢'e 5 ¢(D —'L d)e EXP(IQSY)]

We do the same steps, the first integral will yield zero. The second gives an additional factor
of 2.

T

We can now see that the two results we have are almost complex conjugates. Their absolute value
will be the same. We continue to compute the transition ratio.

angular _ @ angular 2
Ffi = 'Z—ﬂa)lf f dQY l.//[fl

The modulus squared of the matrix element does not have any angular dependence now. The
angular integration will yield a factor of 4.

Yt with S Py e

1.3.2 Case € = €,
Case m; =0 We start by calculating the matrix element

M = ——L (fleox ).

In the first step, we insert the knowns. (f| just gives a factor. The scalar product is inserted. |i)

gives us a factor, the exponential function is 1 since m; = 0 is assumed. In f, we get another
cos(6,) and a factor.

l( f 2 Jd_Q sin(6, ) cos(6, ) cos(¢. — §) — cos(6,) sin(6,) ] cos(6,)

The volume element is d2 = d8 d¢ sin(6). We insert this.

w; =
— —E—lf dé, sin(6.)
s g1 o

2n
. f do. [sin(@e) cos(6,) cos(pe — ¢ ) — cos(6) sin( GY)] cos(6.)
0 .
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