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1 Exponentiating operators

=
Problem statement

The exponential of an operator is defined as

°°An
eA:Z;‘LT.

n=0

1.1 Inverse

( Problem statement

L Show that e*e™ = 1 using only the definition.

NN CLtE

We start with the definition
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and move the terms.
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We now think about those two sums as of a lattice where each point can be labelled using (m, n).
Currently, the summation is done in rows and columns. We change this to a diagonal iterations. A
new parameter a := m + n is introduced to change the summation to:

oo

[ 1]mAa
:Z m'[a—

This is somewhat related to the argument to show that @ is still countable infinite. The case a =0
is special and will be taken out of the sum, it will be just 1. We now rearrange the terms bit more
and introduce a! which cancels in total.

—1+Z Z ml[a_m]' o A

The large fraction is just the binomial coefficient. We also add a 1¢7™.

L EES o

Using the binomial theorem, we can write this more compact as

/ A
. e a
e El~—a![ 1+1]
a=

=0

which means that the second part vanishes for any a. Here it is clear that including a = 0 in the
sum would give the indeterminate expression 0° which would require extra treatment either way.
We are left with
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1.2 Sum in exponent

%
Problem statement

Show that

B — eAeBalABl Y

if the commutator [A,B] =: c is a complex number.
J

The way this works must be very similar to the other subproblems in this problem. However, we
did not succeed in obtaining a whole proof of this identity.

1.3 Commutation of exponentials

LA

0}
L’ﬁ Problem statement

Show that

efteB = eBefelAB],

In the previous problem we got

A+B

etB — gAgBec/2

where ¢ :=[A,B] € C. We can just exchange A and B and obtain
eBHA _ oBoAgc/2

—c/2

Using the first equation, we can move the e to the other side and get

eAeB — A+Bec/2

There, we can commute A and B in the sum in the exponent.

e GAB  BEALG2

4

Using the equation we obtained from exchanging A and B, we yield

o eBeAec/2ec/2

/: eBeAec’

which is the desired result.
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1.4 Generalized commutator
Wi, -

Problem statement

Show by induction that

n
n! ; .
ABl, = ———— A" B[—A].
[4,B], ;n![n_i]! (-]
A\ J

The way the problem is given, a n! could be canceled. It can be seen for n = 2 that the relation
given does not hold. The left side is

[A,B], = A’B — 2ABA + BA%.

The right side with n!/n! canceled gives

2
1 : sy
Z —A2B[—A] = ~A2B — ABA + B2.
= [2—i]! 2

The powers are right, just the prefactors are off.

We think that this looks so close to the binomial coefficient which was already used much in the
previous problems that it probably should be i! in the denominator. Using i! in the denominator,
we can proof the identity using induction. Therefore, we assume the following relation:

n n

[ABl,=>. H[Tniﬁ—!A"‘iB[—A]i = (?)A”_iB[—A]i.

i=0 i=0

Proof. We show that the relation holds for n = 0:

[4;B]y=8, ZOI (S)AOB[—AJO =B.
i=0

This holds. Next is the induction step.

[A,Bly41 =[A,[A,B];]
=A[A,B], —[AB],A

We use the relation that we want to show, this is allowed in induction.

= AlZ:O: ('Z)AM‘B[—A]I’ b Zn: G)A"—fB[—A]iA

i=0

We factor the additional factors A into the expression.

_ g (’;)Anﬂ—iB[_A]i i iz;: (?)A71~iB[_A]i+1/
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Now we can shift the indices a bit. We introduce
ji=i+1, i=j—1
and put that into the expression.
n+1

f iZno: (ril)An+1—iB[_A]i 5 ; (j ﬁ 1)A”+1‘jB[—A]j

We branch off the first and last summand of the first and last sum, respectively. Then we combine
the middle part.

/ n
\/'/:An+1B + Z I:(Tll) + (l f 1)]An+1—iB[_A]i 4 B[_A]n+1
i=1
There is a handy addition theorem for binomial coefficients which we will use for the bracket.
S n+1 ; :
:An+lB + Z ( ] )An+1—lB[_A]l + B[_A]TH—I
i
i=1
We add ones to the stray summands.

+1 < ; :
— (n )AH+1B+Z(H_!_ 1)An+1—lB[__A]l il (n+ I)B[—‘A]n+1
0 e n+1

Now we can combine it into a single sum.
n+1
n+1 g :
:Z( ) )An+l—lB[_A]l \/
i
i=0

That is exactly what has to be shown. Therefore, this relation holds for any n. O

Now that we got this identity at our hands, we can aim for the actual task at hand:

( Problem statement
Show that
o 1
Apyi—Ai. L
eBe™ = Z A
b n=0 )

We start with the left side of this equation:

e’Be™ = iA—C:B i [_fi']f.

d=0"" f=o0
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We interchange the summations again and group the terms.

By now, the change in the lattice traversal was applied many times. We introduce
i:=f, n:=d+f
and get

n

Z o ]'AdB[—A]f.
n=0i=0

Now we introduce a factor of n!.

Z - ]'AdB{—A]f

:lp—l

Using the identity we proved at the beginning of this exercise, we can write this as

J=> =,
n=0 "

which is what we wanted to show.

2 First order time dependent perturbation theory

2.1 Argumentation

( Problem statement )

L Argue that Py (t) = [cq(t)]?. J

The probability that the system will transition from [i(?) to |f©) in the time interval [t, t] is
given by the modulus squared of the overlap intergral:

Pri(0) = [{f O () 2.

We can insert the definition of 4(t) and get

2

> el (FOIR®)

n

\// =
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/
/The scalar product gives a 6 ¢,,, reducing the sum to

. WAMJ&&&WWM%}“WM&&Q
= lep (D).

2.2 Relation

0y ﬁroblem statement
n

What is the relation between d,(t) and c,(t)?

We have

() =D da() [Pa(1).

The states |1),,(t)) are defined as the unperturbed time evolution of the basis states |n(?). Using
the time evolution operator, we can write this as

[a(t)) = UO(t — t) [n®).

Now we insert this into the above relation:

g 0 0
() D5 dn(UO(E = t0) ).
n
By comparison, we get

(1) 7 (DUt~ t0) = duD)exp(—3 Bt~ o]).

2.3 Time derivative of coefficient

k4 [ Problem statement
Show that
ifid; = > (FOH, (6)In®) explio o[t — to])da(t).
k J
We have

() = > da(t) Ipa (1)
We can apply (y,,(t)| to both sides and get

(W m(O)(2)) 7/2 do(t) (Pr(OPa(0)) .
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We include the time evolution operator explicitly:

= 2 du(0) MO0~ 1) Ut — t)n®)

However, that just cancels out because the time evolution operator is unitary. We are left with
= > dy(£) (mO)n )
n

which reduces to

= dp (1)
since the unperturbed eigenstates are orthonormal. As we have shown here, that also holds for

any time t in general. Now we have isolated an expression for d,(t) where we can take the time
derivative. We start with the derived expression:
W
24 En

: d
ifidy () = ih— (£ (Ol (1)) . L Joa \WET> 05 ath o> e Th
B S ; shavll be g ideted

Here we use the Schrodinger equation for both the states. This looks a bit clumsy, but we have to
use the product rule here since both states depend on time. We have

P U‘o + yl
=[O + W OIH ). by et L BT
With H being a hermitian operator, H = H' holds. This means that we end up with

=2 (s (t)[HRP(1)).

We now insert the expansion of the state [y(t)) and obtain
=2 dy(6) (P (O HI, (1)) -
n
We expand the Hamiltonian into its parts, which are
=23 "d,(£) (4 ¢ ()| Ho + Hy (D)pn(1)) -
n

Using the linearity of the scalar product, we can expand this into two parts.

=2 dy()[ (4 ()| Holhn (1)) + (3 (DIH (O)[n(£)) ]
n
The energies of the unperturbed eigenstates are still E,SQ), so we can just insert them there

=2 d () [ED6 1, + (£ (OIH (O (0)) ]

tho ol r,;\ﬁ,&j Cith the Gne dos,. 9} exp. et
Jou ;Q\wea"f consilered
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