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In order to make this document a bit more sslf-sufficient, we summarizs

1 Propagator of the harmonic oscillator

the problem statem

front of our solutions. That will hopefully allow for better presentation of the results.

Problem statement

Let I be the Lagrangian of the harmonic oscillator in one dimension:
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1.1 Ciassical action

Prohlem statement
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Show that the classical action S.{(x, x’, t} has the given form.
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The action is defined as:
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We use the hint that is given on the problem set and express the trajectory as a linear combination
of basis trajectories:

x{t") = acos(wt’)+ bsin{ewt’).

The boundary conditions are a little strange. In the wording, it says that the particle goes from
point xg at t = 0 to the point x at time ¢ "‘hen the action is written with dependency on x and x’.
We will use x(0) =: x4 and x(t) =: ere. This already is the boundary condition, so a and b
are:

X1 — Xg cos{ wt
a =éx0, b 7! '———1 = L \Qt).
J sin(wt)

This can now be inserted into the Lagrangian funct
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Salxg, x1,t) = ) at’'L (x(t'),x(t'}, {'}
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= T ( dt’ H—aw sin{wt’) + bow cos(a;t')]2 —w*[acos(wt’}+b sin(wt’)]z]
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We expand all the squares and regroup the terms again. Currently, all arguments for sine and cosine

are wt’, so we will omit them for a more compact view of the expression. When the arguments

change in the next steps, we will show them explicitly. Functional arguments will always be denoted

with round parentheses and never with square brackets. Groges, | Q.\,%o ¢
w? here.,
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Now we perform the integration. The indefinite integral to sin®—cos? is given by
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Jow we evaluate at t’ = t and t’ = 0. Since all the arguments 1ge from wt’ to w:‘, we redefine )
the omission and still omit all the arguments.
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Now we insert g and b explicitly.

[ me?[[ 5 [x3—xgcos12] cossin X — X COS cos® —1
ol = e
D] sin I sin @
| = ]
We get rid of the minue in frant and ecaneel ane ¢
We get rid of the minus in front and cancel one
mall 5 i —xpewst) : Xy —penss L
— Xt ! - I lcossin+2x - [cos™—1]
2 L sin J sin

The sine in the first denominator is squared out. Then the first summand will be brought up to a
€

fraction with the denominator sin®. One smp is pulled out front, the other cancels the sine behind

We swap summands, and replace the very last bracket with a sine squared.
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This does not quite work out.

1.2 Sepération

Problem statement

Show that the guantum mechanical propagator can be split up into a product of a time-only
factor and the classical action:
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We begin with the definition:
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physics606 — Problem Set 4 1 Propagator of the harmonic oscillator

It is suggested to write x{t') = x . (t'} + y{¢} where y{0)} = y{t) = 0 is fulfilled.
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=] o exp(% JQ A’ L (a0t + y(t), xoe(t) + y(t'))).

This looks a bit like the variational calculus approach that one can take to derive the Euler L.agmugu/

equations. To obtain terms that are linear in y and y, we do an expansion of L around y =0. All
instances of L are meant to be evaluated like
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This gives:
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Since the first part, the L, does not depend on the non-classical component of x any more, we can
pull in front of the Zy integral. The time integration of the Lagrdngla ver the classical path just
gives the classical action.
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The term linear in y will now be partially integrated. The total time derivative is contained in
the bracket and does not act on the y outside of the bracket. Looking at the interesting part, we
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is zero since the L are evé(luated at the classical trajectory only. There, the Euler Lagrange equations
hold. The surface term
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Ldx ax”
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is also zero because of the definition of y. The remainder of the integral therefore is:
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