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1 Particle in external electromagnetic field

1.1 Canecnical momentum
L/
in general, the canonical momenta in classical mechanics are defined as
aL
L =1
i

We use 7 instead of P here to make the distinction to the linear momentum p clearer. I,, l“Tex

Given the particular Lagrange function we have:
;= me +in. \/

The linear momenta are given by
p; = mix;

and differ by the gA; in the canonical momenta.
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)

Generally, the Hamilton function is defined as
H(q; T, f} = ﬁ-iql‘iqs T, f)_L(Q»q‘(‘L 7, t): {)'
The velocities all have to be replaced with the canonical momenta. The velocities are given by
i

5= ;{ﬂi—in]

which need to be inserted into the Hamilton function.
The Hamilton function is

H = ﬂiqi — L
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so the Hamilton function is not the total energy. Also, the rest mass would be missing, but that is

anotherstoryLﬂ\um Wiy &*\Liﬂt—ﬁ A mq_,m.waw %dafu\i

1.3 Einstein-Lorentz-equation ’5
€

1.3.1 Problem summary

The Poisson bracket to evaluate is
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1.3.2 The parts

Left side The left side of the equation (1) is

7T; = mx; -+ gA;. \/

First part The first partial derivative in equation (1) is

—t ] ,‘i;*:«e‘—é;(x)l:a—@i.. =9 s
dxl} ol el e i k)

Second part Now the partial derivative of the Hamilton function is needed:

JH 1 =0 3 i q
—=—lfm-ghlln’ gfl=_ A
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Third part The next one is simply

Fourth part The last partial derivative requires the most work:

aH. =— . j_[{n—qA]z—qu].

H
i

1> J P = ou
= — |7, —qgA; || ' —gA | + =
\Yi om dxi i—gAa ] q j qé?x.f

Using the product rule we can cancel the 1/2 in front and apply the derivatives to the first bracket:

This way, it is easy to see that the whole expression simplifies to the scalar potential term:
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This 'v'aﬁlshiu Of tiie iirst part can also be made plausible when one recalis t
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From that
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can be understood faster.

1.3.3 Combined eguation

Now that we have the parts together, we can put it into a single equation:
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We factor out the g and rearrange the summands:

g A

&= p=ql—0— —A + ——Y.
i i daxt dxliil

We now use the second relation. The proof is at the end of this subsection. The equation now is

_é‘Ai-’—',jé’Ai" aAi__"

& pi=q|———— -+ —

P ql dx' EriaeT sl
_ [ auU a,ﬂ

@pi:q~_5—-:_3zJ'

o
I
fa
s
—
&
(i
]
']
-
5
-]
o~
]
3
~y
Foy
S
&
]
[~
e |
[0
i
=)
]
{
G
=]
oo
s
{
135



physics606 — Problem Set 3 1 Particle in external electromagnetic field

[x x [V x Al}; = ;1% i€ kmnOnfAn-
The e commute to
= €4k €xmnXjOmAn-
We do a cyclic permutation in the indices which does not change the value.
= EijkemnkxjamAn-
Now we can contract the two Levi-Civita-symbols and obtain
=[6im Sjn 5 singj}nlij 27,

Applying those to the remainder gives us less indices:

in order for the derivative appearing in front of the x; we would need to subtract the term that the
product rule would introduce. However, that term is zero in this case since x; does not explicitly
depend on x;. The second summand in the above line can aiready be written in vector notation again.

We obtain

oAl

={VxA—-[{xVI]A].

i

That is the right side of the identity on the problem set, just with slightly different notation. ]
‘There is still the proof of the second relation left.

Proof.

Since the trajectories only depend on the time, that last derivative is a total one. We can therefore
write it as x/.
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