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1 Canonical Transformations and Classical Trajectories

1.1 Valid trajectories
Let (g;(t), p;(t)) be a solution to the equations of motion. Then for q; we have
() = {q:(0), H}.

We add the same to both sides which will not make any difference:

2 )
— ¢(t)+e {ﬁ,H} ={qi(t),H} +e {a—i,H}.

i i

On the left hand side we expand the Poisson bracket into its definition.

. 8%g OH 0%¢ OH 2
<=>qi(t)+ez § 27 28 97 ={qi(t)+6%,H}.
j j i
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The equations of motion allow us to eliminate H on the left hand side.

azg 32g

: : : g
= q(t)+ E + N ={q()+e==,H;.

The term in the square bracket is

d ¢

dr ap,® (@1(6), -+, 9a(6), P1(6), -, Pal1)).

Therefore we can write this as
. d g og

— ¢i(t)+e—=—=={qi(t)+e==,H}.

qi(t) €3 2, {ql( ) Eap. }

1

We factor out the time derivative and yield

d g og
—la. —2 | = . +e—— H .
— dz |:ql(t)+68 ] {ql(t) 68 K }

L 1

Inserting the definition of the transformation gives us
d _ _
= 1 a;(t)={q;(t),H}.

That is the equation of motion for g;. The same thing can be done with p;. Therefore, these infinitesimal
transformations generate more valid trajectories.

1.2 Single particle

It is not clear to us what & is (scalar constant, scalar function of something else, variational operator,
...). We assume that it is a simple scalar.

The generator is g = dp; since

o
§=—%
op,
For this to be a canonical transformation, we have to have {g, H} = 0. That means

A 0H
{6px, H} =6py =—5— =0.
2q;

The hamiltonian must not depend on g, for this to work. Also since p, = 0 this means that the
momentum in the k-direction is preserved, as Noether’s theorem also says.
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2 Canonical Transformations in Quantum Mechanics

2.1 Transformation of the coefficients

Equation (3) from the problem set states:

) = > ealt)In),

n

where we introduced |n) as the eigenstates to the operator §. The eigenvalues of § are g,, so we
simply get:

) =D cal)To(8) In) =D cu(t)gnn).

n n

Then ¢,(t) = c,(t)g, follows.

2.2 Rotations around z-axis

Let

. .. 0
g:LZ:—lh%

be the generator now. Then the unitary operator is

U; () = exp (—5 %) :

We take an eigenfunction of L, which is

Yiu(@,t) = exp(im).

When we apply U i (§) to this eigenfunction, we get

U, (&) exp(im¢) = exp(—Eig) exp(ime).

That can be written as

exp(—Eig)exp(ime) = (¢ —&, 1),

which is a rotation around the z-axis with the angle &. This indeed generates rotations.
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2.3 Rotations of superpositions
2.3.1 Case fixed [ and fixed m

Our state is

) =1L, m)

where |I, m) is an eigenstate of .2 and L, which commutes with the former. The part that L acts upon
is exp(im¢), so the operator Uiz(é ) will add a phase factor of exp(—imé&) to the whole expression.
This does not change the physical reality, since it is just a change of the overall phase of |).

2.3.2 Case fixed [ but different m

Now our state is

) =" cult)|l,m),

m

where the coefficients are for the different values of m. The new coefficients look like this:

Em(t) = cyy(t) exp(—im¢).

The different summands of the superposition have a phase change which depends on m. So this is no
overall phase change that could be factored out. This does change the physical reality.

2.3.3 Case different [ and different m

This is similar to the above case. The states are now:

) = > cim(®) L, m),

I,m

The coefficients still transform in the same m dependence as before, altering more than the overall
phase of |1). This also changes the physical reality.

3 Gauge Invariance in Classical Electrodynamics

3.1 Gauge invariance

We have, without explicit functional dependence:
B=VxA, E=-VU=A
And the potentials transform like so:

A>A+VA U—>U+A
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Now this is:
B> Vx[A+VA]=VxA+0=B

So B is unchanged. Now we transform the electric field,
E—»-VU+VA—A—VA=E,

which is also unchanged.

All this can be written more elegantly using differential forms. First of all we combine U and A into
a single four-vector A. Using the flat isomorphism in our four dimensional Minkoswki manifold we
introduce the 1-form A := A’. Then we have the field strength tensor, a 2-form, F := dA. The gauge
transformation is the addition of a gradient to the spacial components and a negative time derivative of
the same entity to the temporal component. We can write this summand as the four-vector S' := V'A.
It depends on the signature of the metric for the components S* to yield the right signs to be the
summands for A’ and U = A°. Now S; = V; A is the component way of writing a 1-form as the gradient
of a O-form (a scalar, which is what A is). We write this as S = dA. Now the gauge transformation is
A — A+dA. Since F = dA and d? = 0, it can be seen elegantly that F is not changed in any way:

F=dA—dA+d*A=dA=F.

3.2 Homogeneous Maxwell equations

The first equation is fulfilled since € is antisymmetric whereas the V commute with each other.
Summation convention is implied.

VB =V[V x Al =€, V;V;A, = 0.

The second equation is fulfilled since a gradient has no curl and the last two summands cancel each
other.

VXE—B=—-VxVU+VxA—VxA=0+0.

Again, this can be written with differential forms, this being a simple dF = 0. Since F := dA it follows
that d2A = 0. If you write this in components you get

ViaFp1 =0,
where we have use the antisymmetrization brackets in the indices. For all values for a, 3, y out of

{0,1, 2,3} you will get one of the four equations shown in the vectorial notation.

3.3 Lorentz gauge

This is again pretty laborious in the SI-system and with three-vectors. First of all, the given gauge
condition is wrong. In the nice way of writing it, it is

,A" =0,
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meaning that the four-divergence of A vanishes. The Coulomb gauge similarly is 5,A' = 0, meaning
that the three-divergence of A vanishes. With this notation, it is easy to see the analogy. However, this
means that in the clumsy way this is

VA = —pgeoU,

note the time derivative on the U!

We will start with the first inhomogeneous equation:

vE=%&

€o

— v[-vu-a]=2
€o

— —AU-vA=E&
€o

Now using the gradient of the correct gauge condition gives us

— —AU_M080U= Q.
€0

We define
1 9

T2 9¢2

in the SI-system to write this easier:

—nou=2,
€o

This equation only depends on p o< J® and U o< A now, it is decoupled from the spatial com-
ponents.

Now we will tend to the second equation, the spatial part.

V x B = o] + Uo&oE
= VxVxA=u0j+,uosO|:—VU—A]
& VXV XA=ugj— oo VU — A

The double curl can be expanded to VVA—A A. This can be shown with the Levi-Civita symbol:
[V x V x A]l = eijkajekmnamAn = [5im5jn — 5in5jm]3j3mAn = 318]AJ — 3]3JA1 = [VVA_ AA]I
We insert that into the equation now:

& VVA—AA=lyj — toeo VU — oA
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The correct gauge condition gives us pye, VU — VVA which we use to replace any temporal-like
quantities from the equation.

& VVA—AA=yj + VVA—uge A
= UoggA— AA= )

Using the definition of I again here, we obtain

< OA=ugj.

Setting A := cU and J® = p/c, we can write this equation easier as
OA = ugl.

This could even be written with differential forms:
d'F =4n’J,

which might be the most elegant form.

3.4 Gauge invarance of the Lagrangian

The difference of L and its transformed one is

AL:Jd?’x[Qiﬂm].
R3

Please note the difference between the Laplacian A and the “difference Delta” A. As it currently
stands, that is not the total time derivative of another function. Therefore, this is not necessarily
gauge invariant.

The action is the time integral of the Lagrange function, so we get:

AS:JthL

R

= J dt d®x[pA+jVA]

R4

This will be much clearer in four dimensional notation.

= J d*x[oA+jV]= J d4xJ“8H7L

R4 R4
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The continuity equation states that J,J" = 0, so we can write
O J' A =[0,J* A +J"3,A =J"F,A.
We can use this to write the integral as the volume integral over a divergence:
= J d*x O J .
R4

That integral can be transformed into a surface integral over JA. Using the assumption that the current
Jis bounded (3R € R*: Vr >R: |J(r)| = 0.) the whole term vanishes.

=0

Therefore, the action is actually the same. Therefore, the physics do not change.
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