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1 Hermitean Operators

1.1 Real Eigenvalues

Let the eigenvalue of the operator Q on ', be q,. For now, we assume q, € C. We start with the
equation (1) from the problem set:

f dx  ()Qy, (x) = f dx [Qy1(x)] 5(x).
We expand the complex conjugate in the square bracket:

par ot
fdxuq(x)w;(x)= f dx y;(OQ Y3(x).  => ee?.\mﬁ. o Q) (Q-QF) hetter not &
The eigenvalue of Q' is the complex conjugate of the eigenvalue of Q: Q LRI ?)19’7 W
Howarger, Lhis ey o
g2 J dx gy () () = q,;,J dx (O (x) - ilso . BTt

= QE:q)}L tLﬂn 70“/\29:1 .{;9- 62‘:%«'96 "121:’[27_—_"{) el &ﬁv=Qt/A
=> M=V djq . eé

This restricts the eigenvalues to Im(q) = 0 which means that g € K. The eigenvalues are all real. aie ‘Bead

1.2 Orthogonal Eigenfunctions

We will use the bra-ket notation here. Let [n) for n € N (perhaps bounded to some N) be the eigenstates
for Q with eigenvalues g,,. All the g,, are assume to be pairwise different.

First we have for m,n € N which are assumed to be different:

(nlQ|m) = q,, (n|m),
(m|Q|n) = q,, (m|n).
Since
(nlQlm) = (m|Q|n)",
the equations above are the complex conjugate of each other. This statement will be proven in the

next part of this problem. Including the previously proven fact that the eigenvalues are real, we can
derive the following equation:

G (nlm) = q, (nlm).

This leaves us with:

[qm 5l (I”] (ll;l)l) = O\/
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We assume non-degenerate eigenvalues, which means that (n|m) = 0. The definition of orthogonality
is a vanishing scalar product, which is the case here. Therefore |n) and [m) are orthogonal.

1(\(')\2,(/6/)2.6% J’Qﬁa%wa we MW&LM%”'O>£'M>
1.3 Matrix Representation & Grom- Schawde th. @ needed g&%;;u:%%

Basically we have to show that Q;; = Q;; actually holds here. The definition of the matrix element

is:
Qij :fdx‘/';(-\‘)Q“l‘j(-\‘l
From equation (1) from the problem set we know that we can write this like this as well:
= Jd-\' [Q'yi ()] ¥;(x).
We include the last factor into the complex conjugation:
= J dx [ (0Q ()]

Integration and complex conjugation commutes, leaving

= I:f dx -zj';(x)Qi"'l,I'i(x)} .

This, however, is just the definition of

= \/

2 Decomposition of a Wave Function

2.1 Coefficients

We have

Y, ) = D, (O (),

n

There y' are different, one has an index, the other does not. We will use this notation although it is a
little overloaded. From there, we project the ¢ onto a ,,,:

f dxyr, (x)y(x, t)j—l Zu,,,(t)J dx yr (x)yr,,(x)

S
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Therefore, the equation (4) from the problem set holds.

2.2 Normalization

For this problem, we just insert the definition of ':

f dx [y (x, ) = J dx [Zu;(r)w;(x)] [Zum(r)w,,,(x)]

m

. le;z(t)llriz(r)J o 'l,/';l(x)lllm(,\‘)

n,m
Eigenfunctions are orthogonal, so this reduces to the m = n terms:

= Zu”(l)u,,,(t)(nlm) Mé&& o waile ém,., a (jw) S’t’&f)

n.m

= > lu, (D)

Since ' had to be normalized, the condition

D ()2 3/1

follows.

2.3 Expectation value

Just inserting again:
Q= J dx " (x)Qy (x)

= > (Ou(0) f A, (X)Qura(x)

n,m

= Z ll,'”(t )ll”(t)(l,, 5nm

n,m

lZiu,,(rn Q-
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3 Angular Momentum Operator

3.1 Eigenvalue

We have
and
Yin(9) = —= exp(img)).
V2n
First the eigenvalues:
0 1
L, = —ifl =— exp (im
(@) 34,[@ p( ¢>)]
im
=—ih explim
~ p(im¢)
\/:h,nl‘/'ln(d))'

Now we show, that the eigenfunctions are normalized:

21
[|” = f d i,
0

2n
1

= — d¢ exp (—imd))exp (im¢)
2n J,

2n

1

=— | d¢

, 2n J, -

FL

3.2 Integer m

We want
l/‘m(()b) = ll‘lll((b + 2n )

This implies

exp(im¢) = cxp(im(d) + 21 ))
= exp(im¢ ) exp(im2mn).
] e i

=1, for meN

Therefor m has to be integer.
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3.3 Orthonormal eigenfunctions

2n 1 2n
J do Yy, = B j d¢ exp(—il¢)exp(im¢p)
0 0
1 2n :
P J;) d¢ exp(uj)(m—l)).

We look at m # [:

2n
0)

eis i [cxp (id)(m — l))]

:Eﬁ—i(mml)

from m—1 € N we get

j—éo.

The other case | = m gives because of the normalization

2n
J d ¥y, o 1.
0

These two cases show us, that the eigenfunctions are orthonormal:
2n /
j d(rb d‘{ wm i: 5lm'
0

4 Canonical Transformations

4.1 Form-Invariance of Equations of Motion

See section 4.3 for the proof that Poisson brackets of arbitrary functions that are defined on the
configuration manifold are invariant under canonical transformations. We will now use this to show
the invariance of the equations of motions.

The time evolution can be expressed with the Poisson brackets:

) J0H ; JH . ’
Gie= N P = q; = {qz‘H} AR {pl’}l}
ap; aq,

To use the proof from section 4.3, we need to have two arbitrary functions. We chose them to be
(g;, H) for the first equation of motion and (p;, H) for the second. Since both cases work similarly, we
only show the first one here.
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qi = {qi)H}q,p

Using the theorem:
/: [(—Ii’g]q_;)

From this, we can obtain

ql—aﬁi-

If we adopt the sloppy notation from the exercise sheet, we get the same H:

N aH

qi:a_pi-

4.2 Check for canonicality

To verify that it is a canonical transformation we have to calculate the Poisson brackets. This is a
mechanical task, so we did this with Mathematica:

In[1]:= gbar[q , p 1 := Log[Sin[pl/q]

In[2]:= pbar[q , p ] := q Cot[p]

In[3]:= poisson[a , b.] := D[alq, pl, q] D[blqg, pl, p] - D[ala, pl], p] DIblg, pl, gl
In[6]:= poisson[gbar, gbar] // Simplify

Out[6]1= 0

In[7]):= poisson[pbar, pbar] // Simplify

Out([7]= 0

In[8]:= poisson[qgbar, pbar] // Simplify

out[8]=1

The three relations hold, therefore the transformation is canonical. t}]uﬁ '5) O’k &‘A: ] Cm 1ok Swt

Ai% a&w&mﬁf&m

/M,utlémah‘z&r )nm

As the problem is stated, we believe that it actually is trivial. It says that one should proof that

4.3 Invariance of Poisson brackets

{A(a.p).Ba.»)},, ={A(@.p).B(a. D)},

holds. We mean this in the sense that both sides contain the functions A and B which take two
arguments. Both sides only depend on dummy variables, the q and p with and without a bar. Since
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f(x)=f(y) if x =y (as is the definition of a function), there cannot be any difference whether the
Poisson brackets are spelled out with g or g. That said, we think that the problem actually implies
that the left and the right A are two different functions. So we will call them A and A to make this a

non-trivial problem.

We now assume that the functions A and A relate in the following way:

A(a(q.p), p(q,p)) = Aq, p).

So for a given q and p both functions take the same value, although the arguments for A and A differ.
If this is to be the case, the total differential with respect to q (and p) has to be the same. This brings

us to

d

op 0A
T

é—(;_

aq’

p

SN
Q)IQ)
Lol Notl

We start off with the Poisson bracket of A and B. Since there might be more than one coordinate, we

start indexing them again.

A 8B 8A 8B
A B}, , = . =
{A,B}, Z:[aqk opr  Opk 3<Ik]

We use the relation that we derived using the total differential to expand the partial differentials. This

is going to be messy.

\;Z 04 94) 0B 0q, 04 94, 0B opy 04 2P, 2B 24
24| 33, 3q, 24, op, ' 34, 24, b, op, | b, 24, 04, op,
L GA b 0B Opy 0A 94; 0B 04 _ 0A 93, 2B Op,

a n A
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We will now group them again by the derivatives of A and B into four groups. The brackets that form
from two of the above terms are a Poisson bracket of the transformed coordinates. To make it obvious
which bracket there is, we added them to the left side.

ép; dp; @
SAdR e Bpe BB O L.d={ph), =0
T dp; op,| 9q, dp, 9p, 9q, a.p
h —_8('1, oh ——a‘_b b [...]= {(_I' l_’k} =0j
.o o j) - q',’_ ,

which is just the definition of the following Poisson bracket:
v {A’B }Q.P '

This proves that the Poisson bracket of any function is invariant under canonical transformations. The
function has to be transformed as well, though, unlike the notation on the problem set suggests.



