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physics606 — Problem Set 1 1 Hermitean Operators

1 Hermitean Operators

1.1 Real Eigenvalues

Let the eigenvalue of the operator Q on ), be q,. For now, we assume g, € C. We start with the
equation (1) from the problem set:

fdxzp;(x)qwg(x)zfdx [Qu10) ] ().

We expand the complex conjugate in the square bracket:
f dx 7(x)Qy5(x) = f dxc 3 ()Q 5 ().
The eigenvalue of Q' is the complex conjugate of the eigenvalue of Q:

9> J dx y7(x)Y5(x) = q; f dx (x5 (x)

= qy=¢,.

This restricts the eigenvalues to Im(q) = 0 which means that g € R. The eigenvalues are all real.

1.2 Orthogonal Eigenfunctions

We will use the bra-ket notation here. Let |n) for n € N (perhaps bounded to some N) be the eigenstates
for Q with eigenvalues q,,. All the g,, are assume to be pairwise different.

First we have for m,n € N which are assumed to be different:

(nQlm) = gy, (nIm),
(m|QIn) = g, (m|n).

Since
(n|QIm) = (m|Q|n)",

the equations above are the complex conjugate of each other. This statement will be proven in the
next part of this problem. Including the previously proven fact that the eigenvalues are real, we can
derive the following equation:

qm (nlm) = q, (n|m).

This leaves us with:

[qm _qn] (nlm) =0.
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physics606 — Problem Set 1 2 Decomposition of a Wave Function

We assume non-degenerate eigenvalues, which means that (n|m) = 0. The definition of orthogonality
is a vanishing scalar product, which is the case here. Therefore |n) and |m) are orthogonal.

1.3 Matrix Representation

Basically we have to show that Q;; = jS actually holds here. The definition of the matrix element
is:

Qij = J dx Y7 (x)Q ;(x).

From equation (1) from the problem set we know that we can write this like this as well:

= f dx [Q";(x)] 93(x).

We include the last factor into the complex conjugation:

*

= f dx [93()Q:(x)]

Integration and complex conjugation commutes, leaving

*
— [J dx lpjf(x)Q"\/)i(x):| .
This, however, is just the definition of

— Q.

Jt

2 Decomposition of a Wave Function

2.1 Coefficients

We have

P, €)= Dt () (x).

n

There 1) are different, one has an index, the other does not. We will use this notation although it is a
little overloaded. From there, we project the v onto a 1 ,:

J dx yp; (x)p(x, 1) = Zum(t)J dx vy () (x)

=u,(t).
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Therefore, the equation (4) from the problem set holds.

2.2 Normalization

For this problem, we just insert the definition of v:

de e, I = J dx [Zu:;(t)w:;(x)] [Zum(t)wm(x)}

n m

= Z u”,;(t)um(t)J dx (), ()

Eigenfunctions are orthogonal, so this reduces to the m = n terms:
= > U4 (un(0) (nlm)
n,m
2
= lun(0)]
n
Since 1) had to be normalized, the condition

D (P =1

follows.
2.3 Expectation value
Just inserting again:
(= J dx 1 (x)Qu (x)
= (1) f dx 7, (X)Qu, (x)
= Zmu;(t)un(t)qnénm

n,
= luy(6)Pq,.
n
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physics606 — Problem Set 1 3 Angular Momentum Operator

3 Angular Momentum Operator

3.1 Eigenvalue

We have
0
L,=—ih—
b4 L a¢
and
1 .
Yu(P) = exp (im¢).
2m

First the eigenvalues:

. O 1 .
szm(qb) =—ih % |: m €xp (1m¢):|

im

oL exp (imq’))
= hmy ().

=—ih

Now we show, that the eigenfunctions are normalized:

21
|| =J A ¥ o
0
21

1 d¢ exp (—imqb)exp (im¢)

27 0
1 2m

2T 0
=1.

3.2 Integer m

We want

wm(¢) = 'l/)m((]b + Zﬂ-)-

This implies

exp(im¢) = exp (im(¢ + 2’1‘[))
= exp(im¢)exp(im2m).
| ——

=1, for meN

Therefor m has to be integer.
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3.3 Orthonormal eigenfunctions

2m 2m
f A Yin=- f a6 exp(—ilg)exp(img)
0 0
2m
_ %L dg exp(ig(m—1).

We look at m # I

1 1

. 2m
S 2mi(m—1) 0"’

[exp (ic/)(m— l))]
from m—1 € N we get
=0.

The other case [ = m gives because of the normalization

2m
f d¢ Y, ¥, =1.
0

These two cases show us, that the eigenfunctions are orthonormal:

2m
J dd) W}kl/Jm = 5lm'
0

4 Canonical Transformations

4.1 Form-Invariance of Equations of Motion

See section 4.3 for the proof that Poisson brackets of arbitrary functions that are defined on the
configuration manifold are invariant under canonical transformations. We will now use this to show
the invariance of the equations of motions.

The time evolution can be expressed with the Poisson brackets:

o

. OH . .
q; = — qg;={q;,H} A p;={p;,H}

op. NP aq

i i
To use the proof from section 4.3, we need to have two arbitrary functions. We chose them to be

(q;, H) for the first equation of motion and (p;, H) for the second. Since both cases work similarly, we
only show the first one here.
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qi = {qia H}q,p

Using the theorem:

From this, we can obtain

Y

Qi—a_pi-

If we adopt the sloppy notation from the exercise sheet, we get the same H:
. OH
ql - al—)l *

4.2 Check for canonicality

To verify that it is a canonical transformation we have to calculate the Poisson brackets. This is a
mechanical task, so we did this with Mathematica:

In[1]:= gbar[qg-, p-] := Log[Sin[pl/q]

In[2]:= pbar[g_, p_] := q Cot[p]

In[3]:= poisson[a_, b_] := D[alq, pl, ql D[b[qg, pl, pl - Dlala, pl, pl D[blqg, pl, ql
In[6]:= poisson[gbar, gbar] // Simplify

Out[6]= 0

In[7]:= poisson[pbar, pbar] // Simplify

Out[7]= 0

In[8]:= poisson[gbar, pbar] // Simplify
Out[8]=1

The three relations hold, therefore the transformation is canonical.
4.3 Invariance of Poisson brackets

As the problem is stated, we believe that it actually is trivial. It says that one should proof that

{alq,p),B(a.P)},, = {A@. D). B3, D)},

holds. We mean this in the sense that both sides contain the functions A and B which take two
arguments. Both sides only depend on dummy variables, the g and p with and without a bar. Since
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f(x)=f(y)if x =y (as is the definition of a function), there cannot be any difference whether the
Poisson brackets are spelled out with g or §. That said, we think that the problem actually implies
that the left and the right A are two different functions. So we will call them A and A to make this a
non-trivial problem.

We now assume that the functions A and A relate in the following way:

So for a given q and p both functions take the same value, although the arguments for A and A differ.
If this is to be the case, the total differential with respect to q (and p) has to be the same. This brings
us to

2A2q 0A2p _ o
93 dq 9p dq 3dq

We start off with the Poisson bracket of A and B. Since there might be more than one coordinate, we
start indexing them again.

0A 3B A OB
A B}, , = -
-Blas Zk:[@qk opk  px aqk}

We use the relation that we derived using the total differential to expand the partial differentials. This
is going to be messy.

9494  2A %D, 'a_B@ﬁ_B@]
ikl 9q; 9q, 9p; 9q, | [ 99, Ip, 9D, Ipy
s | 245, 24 2 [LB@@@]
1|94 9 9p; 9p, | [ 99, 99, 9B, 94,

We now expand this whole thing, such that it becomes even messier.

[ 242 2k oa | 04 24 0B op , oA 28 0B oa
ikl 9q; 99, 9q, 9p,  9q; 9q, 9p; Ip,  Ip; 9q, 9, Ip,
0A 0b; 0B 8p; 9A 93; 0B 03, 0A 99; 9B Ip,

+ = - - - - -
ap]. 9q, 9p, 9p, 3q]. op, 94, 9q, aq]. op, 9p; 9q,
0A 9pj 9B 2q; OA 9Pj 3B dp,
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We will now group them again by the derivatives of A and B into four groups. The brackets that form
from two of the above terms are a Poisson bracket of the transformed coordinates. To make it obvious
which bracket there is, we added them to the left side.

9A 9B [2b; 35 9b; 3p |
P | 94 9P, 9Py 99 |

which is just the definition of the following Poisson bracket:
= {4.B}

a.p "

This proves that the Poisson bracket of any function is invariant under canonical transformations. The
function has to be transformed as well, though, unlike the notation on the problem set suggests.
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