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Motivation

Many interesting hadrons decay into more than two particles:

É Roper resonance, N(1440)→ Nππ

É ω→ ρπ→ πππ

É η→ πππ

É Exotic X, Y, Z

Not accessible with ab-initio methods until recently.

Three particle lattice formalisms now available, need testing.
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This work

É Testing the three-particle formalism

É Simulate π+π+π+→ π+π+π+ at I= 3 using Lattice QCD

É Analyze energy levels

É Extract two-pion phase shift

É Extract three-pion contact force
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Usual Quantum Field Theory approach

QCD action:

L=
1

2
Tr
color

�

GµνG
µν
�

+ ψ̄ (i/D−m)ψ

Path integral:

〈0|TÔ|0〉=

∫

DADψ̄DψO(A,ψ, ψ̄) exp(iS(A,ψ, ψ̄))
∫

DADψ̄Dψ exp(iS(A,ψ, ψ̄))
.

É 〈final|M|initial〉 gives scattering matrix elements.

É 〈0|O(t)O(0)†|0〉 ∼
∑

n exp(iEnt) gives particle spectrum.
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Lattice QCD

We just can’t fully solve it analytically!

But perhaps numerically? Well, ...

É Finite memory, need finite volume and finite resolution, introduce lattice

É Oscillating phase, use Wick rotation, Euclidian time, importance sampling

É Scattering without asymptotic states requires indirect approach
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Indirect approach via finite volume

Lüscher Method relates energy shift ∆E(L) to scattering quantities. (Lüscher

1986)
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Three-particle formalism

Two-particle quantization condition:

det
�

MΓln,l′n′ −δll′δnn′ cot(δl)
�

= 0

Three-quantization condition in RFT approach:

det
�

F3(E, P,L)−1 +Kdf,3(E
∗)
�

= 0

Parametrization:

Kdf,3(∆) =K iso
df,3(∆) =K

iso,0
df,3 +K iso,1

df,3 ∆
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Contributions to three-pion scattering

π+

π+

π+

π+

π+

π+

L6π

π+

π+

π+

π+

π+

π+

L4π

L4π

É Two-pion interaction also causes three-pion interaction

É Intermediate propagator can go on shell

É Is taken out ofK3 to yieldKdf,3
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Previous numeric studies of I= 3
É Beane et al. (2008): P2 = 0, up to five π+. Two-particle scattering length,

repulsive three pion interaction. Mπ ≥ 291MeV

É Detmold et al. (2008): Twelve π+.

É Mai and Doring (2019): Above data, FVU approach, three body coupling.

É Hörz and Hanlon (2019) P2 ≤ 3 at Mπ = 200MeV. Just energies.

É Blanton, Romero-López, and Sharpe (2020): Analyze above with RFT

formalism.

É Culver et al. (2019): 220MeV and 315MeV, FVU approach.

We add P2 ≤ 4 and Mπ = 134MeV, 242MeV and 340MeV in RFT

approach.

Just Nf = 2, though.
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Lattice symmetries
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Predicted non-interacting three-particle spectrum
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Thermal pollutions
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Correlator analysis steps

Corr. Weight-shift GEVM Ratio PGEVM Fit

É Weight-shift: Reduce thermal pollution

É GEVM: Extract tower of eigenstates

É Ratio: Reduce thermal pollution and excited states

É PGEVM: Attenuate excited states
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Effective mass

Signal is

C(t) = Aexp(−Et)

Effective mass isolates E:

meff(t) = − log
�

C(t)

C(t+ 1)

�

Complicated by back-propagating part (period boundary conditions), thermal

states, noise
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Example effective mass
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Example effective mass
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Combining energy determinations
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Three particle energy spectrum
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Two-particle S-wave scattering length
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Two-particle D-wave scattering length
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Three-particle interaction, constant term
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Three-particle interaction, linear term

0.00 0.01 0.02 0.03 0.04 0.05

(Mπa0)2

−17500

−15000

−12500

−10000

−7500

−5000

−2500

0

M2
πKiso,1

df,3

This work Blanton et al. LO ChPT

24 /29



Three Pion
Scattering at

Maximal Isospin
from Lattice QCD at

Physical Mass

Martin Ueding

Introduction

Approach

Results

Conclusion

References

Conclusion

É Three pion contact interaction at physical pion mass

É Two pion scattering length compatible with previous results
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Outlook

É Increase statistics on medium ensemble

É Solve integral equations forM andK

É Use new Nf = 2+ 1+ 1 ensembles

É NLO in three particle interaction

É Investigate other channels (ω, η)
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